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Abstract. An analogue over imaginary quadratic fields of a result in algebraic 
number theory known as Ihara's lemma is established. More precisely, we show 
that for a prime ideal p of the ring of integers of an imaginary quadratic field 
F, the kernel of the sum of the two standard p-degeneracy maps between the 
cuspidal sheaf cohomology H}{Xq,Mq) 2 — > Hf [X\,M\) is Eisenstein. Here 
Xo and X\ are analogues over F of the modular curves Xo(N) and Xo(Np), 
respectively. To prove our theorem we use the method of modular symbols and 
the congruence subgroup property for the group SL2 which is due to Serre. 



1. Introduction 

Ihara's lemma in the version stated in [6] asserts that the kernel of the map 
a : Jo(N) 2 — ► J (Np) is Eisenstein if (N,p) = 1. Here Jo(N') denotes the Jacobian 
of the compactified modular curve Tq(N')\R, and a is the sum of the two standard 
p-degeneracy maps from Jq{N) to Jo(Np). The original proof of the result is due 
to Ihara [4] and uses algebraic geometry. In 6 J Ribet gave a different proof without 
appealing to algebro-geometric methods. The result was later improved upon by 
Khare 5 to dispose of the condition that N be coprime to p. Khare also gives a 
rearranged proof in the case when (N, p) = 1 using the method of modular symbols 
(cf. [5], Remark 4). We will use his approach to generalize the result to imaginary 
quadratic fields, where algebro-geometric techniques are not available. 

Let F denote an imaginary quadratic extension of Q and Of its ring of integers. 
The reason why over F the algebro-geometric machinery is not available is the fact 
that the symmetric space on which automorphic forms are defined is the hyperbolic- 
3-space, the product of C and R + , and the analogues X n of the modular curves 
are not algebraic varieties (cf. section[2]). However, [5] uses only group cohomology 
and his method may be adapted to the situation over an imaginary quadratic field. 
In this setting the Jacobians are replaced with certain sheaf cohomology groups 
H}{X n ,M n ) and for a prime p C Of we have analogues of the two standard p- 
degeneracy maps whose sum H^(Xq, Mq) 2 — > H}(X\,M\) we will call a. (For 
precise definitions see section [2]) The main result of this note (Theorem 13. lj) then 
asserts that the kernel of a is Eisenstein (for definition of "Eisenstein" see section 

El). 

Originally Ihara's lemma had been used by Ribet [B] to prove the existence 
of congruences between modular forms of level N and those of level Np. His 
result, valid for forms of weight 2, was later generalized to arbitrary weight by 
Diamond [2], who used the language of cohomology like we chose to. A crucial 
ingredient in Diamond's proof is the self-duality of H 1 (ro (N) , M) . Over imaginary 
quadratic fields, as over Q, there is a connection between the space of automorphic 
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forms and the cohomology groups Hl(X n ,M n ) called the Eichler-Shimura-Harder 
isomorphism (cf. [10j). However, there seems to be no obvious way to adapt the 
approach of Ribet and Diamond to our situation as Hl(X n , M n ) is not self-dual. 

Ihara's lemma was also used in the proof of modularity of Galois representations 
attached to elliptic curves over Q ([H], p]). Thanks to the work of Taylor [9] 
one can attach Galois representations to a certain class of automorphic forms on 
T{ssp/q(G\j2/f)- One could hope that Ihara's lemma in our formulation could be 
useful in proving the converse to Taylor's theorem, i.e., that ordinary Galois repre- 
sentations of Gal(F/F) (satisfying appropriate conditions) arise from automorphic 
forms, but at this moment this is a mere speculation as too many other important 
ingredients of a potential proof seem to be missing. 

The author would like to thank Trevor Arnold, Tobias Berger, Brian Conrad, 
Chandrashekhar Khare and Chris Skinner for many helpful and inspiring discus- 
sions. 



2. Preliminaries 

Let F be an imaginary quadratic extension of Q and denote hy Of its ring of 
integers. Let 91 be an ideal of 0^ such that the Z-ideal 91 (~l Z has a generator 
greater than 3. Let p be a prime ideal such that p j 91. Denote by Of the 
class group of F and choose representatives of distinct ideal classes to be prime 
ideals pi, i = 1, . . . , # Cljr, relatively prime to both 91 and p. Let tt, (resp. TTi) be a 
uniformizer of the completion F v (resp. F Pi ) of F at the prime p (resp. pi), and put 
tt (resp. ni) to be the idele (. . . , l,ir, 1, . . .) <E A F (resp. (...,1,^,1,...) e A F ), 
where tt (resp. TTi) occurs at the p-th place (resp. p;-t,h place). We also put 

c'p : u;„p f O F . 

For each n £ Z>o, we define compact open subgroups of GL 2 (Ap./) 



K n := 



a b 
c d 



e 1[gl 2 (o Fa ) I c e mp n 

qfoo 



Here Apj denotes the finite adeles of F and Of a the ring of integers of F^. For 

-l 



> we also set K£ — 



For any compact open subgroup K of GL2(Ap.y) we put 
X K = GL 2 (F) \ GL 2 (A F )/K ■ U 2 (C) ■ Z 



where Z M = C x is the center of GL 2 (C) and U(2) := {M G GL 2 (C) | MM = I 2 } 
(here 'bar' denotes complex conjugation and I 2 stands for the 2 x 2-identity matrix). 
If K is sufficiently large (which will be the case for all compact open subgroups 
we will consider) this space is a disjoint union of #C1f connected components 
X K = Uti lF (r K ) l \ Z, where Z = GL 2 (C)/f/ 2 (C)C x and (IV)i - GL 2 (F) n 



TTi 



K 



TTi 



To ease notation we put X n 



X 



K,, 



(T Kn )i and T p na := {T K p)i 
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We have the following diagram: 



(2.1) 




where the horizontal and diagonal arrows are inclusions and the vertical arrows 



are conjugation by the maps 



1 



Diagram (|2.1[) is not commutative, but it is 



"vertically commutative" , by which we mean that given two objects in the diagram, 
two directed paths between those two objects define the same map if and only if 
the two paths contain the same number of vertical arrows. 

Diagram (|2.ip induces the following vertically commutative diagram of the cor- 
responding symmetric spaces: 



4l„ 



(2.2) 





>x n _ 



The horizontal and diagonal arrows in diagram (|2.2|) are the natural projections 
and the vertical arrows are maps given by (<?oo,5/) l_ * (<?oo>S7 [ w i] 

Let M be a torsion abelian group of exponent relatively prime to #0^ endowed 
with a GL/2(-F)-action. Denote by Mk the sheaf of continuous sections of the 
topological covering GL 2 (F) \ {Gh 2 {A F )/K ■ U 2 (C) ■ Z^) x M -»■ X K , where 
GL 2 (F) acts diagonally on (GL 2 {A F )/ KU 2 {C)Z 00 ) x M. Here M is equipped with 
the discrete topology. Since we will only be concerned with the case when M is 
a trivial GL2(-F)-module, we assume it from now on. This means that Mk is a 
constant sheaf. As above, we put M n := Mk„ and M% := M k p. 

Given a surjective map cj> : Xk — * Xk>, we get an isomorphism of sheaves 
<f> Mk* — > Mk, which yields a map on cohomology 



H^Xk'^I 



K' 



H*(X K , <T X M k ,) S H<*(X K , M K ). 



Hence diagram ()2.2j) gives rise to a vertically commutative diagram of cohomology 

groups: 

(2.3) 



■H*(X n+1 ,M n+1 )<- 



H"(X n ,M n )<- 



ff«(JT n _i,M n _i)f- 



• • • < H«{X> +1 ,M> +1 ) a t P ' W{XZ, MP) <°» ffl(^-i.^-i) <" 

These sheaf cohomology groups can be related to the group cohomology of r„,.j 
and i with coefficients in M. In fact, for each compact open subgroup K with 
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corresponding decomposition Xjc = U^Li F (^K)i \ 2, we have the following com- 
mutative diagram in which the horizontal maps are inclusions: 



H?{X k ,Mk) 



+ W{X K ,M K ) 



(2.4) 



©ti H q P ((r K ) h M) ► 0tf F H g ((T K )i,M) 



Here H?(X K ,M K ) denotes the image of the cohomology with compact support 
H^(Xk, Mk) inside H q (Xk,Mk) and Hp denotes the parabolic cohomology, i.e., 
H P ((T K ) Z1 M) := hBt(H«((r K )i,M) ® B£B W((T K ) iiB ,M)), where B is the 
set of Borel subgroups of GL 2 {F) and (IV)i,.B := (^k)i H B. The vertical arrows 
in diagram (|2.4p are isomorphisms provided that there exists a torsion-free normal 
subgroup of (Tfc)i of finite index relatively prime to the exponent of M. If K = K n 
or K — n > 0, this condition is satisfied because of our assumption that 01 n Z 
has a generator greater than 3 and the exponent of M is relatively prime to #0^ (cf. 
|10j . section 2.3). In what follows we may therefore identify the sheaf cohomology 
with the group cohomology. Note that all maps in diagram (|2.3I) preserve parabolic 
cohomology. The maps a*'* are the natural restriction maps on group cohomology, 
so in particular they preserve the decomposition Q)fJ^ lF H q ({T M). 

Using the identifications of diagram (|2.4p we can prove the following result which 
will be useful later: 

Lemma 2.1. The map a®' 1 : H^(Xq, Mq) — > H}(X\,M\) is injective. 

Proof. Using the isomorphism between group and sheaf cohomology all we need to 
prove is that the restriction maps resi : H (Tq^, M) — ► _ff 1 (ri i j,M) are injective. 
Since M is a trivial To^-module, the cohomology groups are just Horns, so it is 
enough to show the following statement: if G denotes the smallest normal subgroup 
of Toi containing then G = Tq^. For this we use the decomposition 



LQ,i — 



II r M 



1 




u r M 


'A 


B 


k 


1 


C 


D 



keR(0 F /p) 

fee«n 

where the matrix [q%] is chosen so that C and D are relatively prime elements of 
O f with C e % D £ p, and A E Op, B e p l satisfy AD - BC = 1. Here R(0 F /p) 
denotes a set of representatives in Of of the distinct residue classes of F /p- Let 

[° d] e r M with d e p- Thcn for an y k e m >Pi l0 F 

we have 



a b 


-l 


"1 + balk -b 2 k ' 




a b 




1 


c d 




d 2 k 1 - bdk 




c d 




k 1 



l+bdk -b z k 
d 2 k 1-bdk 



€ I\i, hence G contains Uk£R(o F /p) Ti.i x ], and 

fceat 

□ 



and the matrix 
thus G = I\o- 

We can augment diagram (|2.1[) on the right by introducing one more group 



K- 



i •— 



6 GL 2 (F P ) x ]J GL 2 (OF,q) | c e 0T, ad - be e JJ 

q-fpoo qfoc 
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The group K-% is not compact, but we can still define 



r-i. 



GL 2 (F) n 



1 



1 



for i = 1, . . C1f- After identifying the sheaf cohomology groups Hl(Xo, Mo) and 
Hl{Xl,M$) with the groups 4 Hp(T 0ii , M) and ; Hp{T v o i , M), respectively, 
using diagram (12. 4j) . we can augment diagram (|2.3|) on the right in the following 
way 
(2.5) 



■Hf{Xx,Mx)<r 



H?(X ,M )±- 



■flf(Jf_i,M_i) 




H?(XlM*) 



Here we put H?{X- X , M_ x ) := i ffp(r_i,i, M) and the maps c^ 1 ' u and o^ 1 ' 015 
are direct sums of the restriction maps. 

The sheaf and group cohomologies are in a natural way modules over the cor- 
responding Hecke algebras. (For the definition of the Hecke action on cohomology, 
see [10] or [3]). Here we will only consider the subalgebra T of the full Hecke 

algebra which is generated over Z by the double cosets T p / := K 



1 



K and 



P',P' 



:= K 



K for tt' a uniformizer of F v > with p' running over prime ideals 

of Of such that p' \ 9Tp. The algebra T acts on all the cohomology groups in 
diagram (|2.5[) . Moreover if p' is principal, the induced action of T p < and T P '. P ' on 
the group cohomology respects the decomposition 0,- H^((Tic)i> M), where * = 
or P. 



3. Main result 

We will say that a maximal ideal n of the Hecke algebra T is Eisenstein if 
T[ = Nl + 1 (modn) for all ideals [ of Of which are trivial as elements of the ray 
class group of conductor n. Such ideals I are principal and have a generator / with 
I = 1 (modn). Here Nl denotes the ideal norm. 

From now on we fix a non-Eisenstein maximal ideal m of the Hecke algebra T. 
Our main result is the following theorem. 

Theorem 3.1. Consider the map Hl(X ,M ) 2 A H}(X u Mi) defined as a : 
(/) 9) l— ^ a i f + a p a i 9 9- The localization a m of a is injective. 

We prove Theorem 13.11 in two steps. Define a map (3 : ifj(X_i, M-i) — > 
Hl(X ,M ) 2 by g' i-> (-a°aj" 1,0p g', a^" 1 ' ^) and note that a/3 = by the ver- 
tical commutativity of diagram (|2.5p . i.e., kera D j3[H}{X-\, M-i)) ■ We first 
prove 
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Proposition 3.2. kera = f3(H}{X-i, M-i)) ■ 
Then we show 

Proposition 3.3. H}{X-i, M_i) m = 0. 

Propositions 13.21 and 13.31 imply Theorem 13.11 

The idea of the proof is due to Khare [5] and uses modular symbols, which we 
now define. Let D denote the free abelian group on the set B of all Borel subgroups 
of GL2(F). The action of G\j2{F) on B by conjugation gives rise to a Z-linear 
action of GL 2 (F) on D. We sometimes identify B with P 1 (F) = {f I a € O f , c 6 
Of \ {0}} U {oo}, on which GL2(F) acts by the linear fractional transformations. 
Let D := {J2 n iBi £ f | 6 Z,B, : e B, J2 n i = 0} be the subset of elements of 
degree zero. If Xk = IL Ti then for each Ti the exact sequence 

-> Hom z (Z, M) -» Homz(D, M) -> Hom z (Do, M) -» 

gives rise to an exact sequence 

(3.1) -> A/ -> Hom z[ri] (£>, M) -> Hom z[ri] (D 0j M) -> 

-» H x {Ti,M) -> tffi.HomztAM)). 

The group Honizpi] (-Do, Af) is called the group of modular symbols. 

Lemma 3.4. Lei r &e a group acting on the set B of Borel subgroups of GL2(i 7 ') 
and let C denote a set representatives for the T-orbits of B. Then for any trivial 
T-module W , 

H 1 {T,Ko™ 7L {D,W))=($H 1 {T Cl W), 
where T c is the stabilizer of c in T. 

Proof. The T-module structure on Homz(D,W) is defined via (P(x) — <f>(^~ 1 x) 
and on cgC Indp c W / via 

(/ci , • ■ • > /c„) 7 (7ci , • • • , 7c„) = (/ci, • • • , /c»)(7ci7j • • • ! 7c„7)- 

Note that we have a r-module isomor phism $ : Rom z (D,W) ^ ceC Ind^W, 
given by &((f>) c (j) = (f>('f^ 1 c). Thus 

^(r.Homzp.wO) -^(r.Qind^w) ~0F 1 (r,ind r : o w) 

since the action of T stabilizes Indp for every c G C. The last group is in turn 
isomorphic to ® cGC . H 1 (r c , W) by Shapiro's Lemma. □ 

By taking the direct sum of the exact sequences (|3.ip and using Lemma 13.41 we 
obtain the exact sequence 

(3.2) -> M -► Hom z[ri] (D, M) -> 

-» Hom z[ri] (Do, M) -> fl^(Ti, M) -> 0, 
where the last group is isomorphic to H}{Xk,Mk)- 
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Remark 3.5. The space of modular symbols 0^ Homzp;] (-Do, M) is also a Hecke 
module in a natural way. In fact it can be shown (at least if 91 is square-free) 
that the localized map (@ i Hom Z [ r .] (D, M )) — > (0 i Homz[r i ](A)5 Af)) is an 
isomorphism, but we will not need this fact. 



4. Proof of Proposition 13.2 



Suppose (f,g) <E kera, i.e., a^ 1 / = — aja°' lp g. Let /ii = — g G i/ 1 (X ,.Mo) 
and /i-2 G H 1 (Xq,A / Iq) be the pre- image of / under the isomorphism a p . Then 
a 1 ' 1 apft.2 = a^a\ ,1 ' ? h\. By the vertical commutativity of diagram (12. 3|) . we have 
Qfi' a;? = apa° p ' lp , whence apa° p ' lp /i2 = aja°' lp ft.i. Since is an isomorphism, 
we get a^ p ' lp h 2 = a°{ lp hi G ff^Xf, M p ). 

For K C K' two compact open subgroups of GL2(Af,/) for which Xk — IJi \ 
Z and Ijc = \ Z with Ti, T- G Gi, T,; C we have a commutative diagram 

(4.1) HomzpjPcMj-^ffi^.M) , 

inclusion 

Hom z[r;] (Do, AO — ^ fl£(Tj, AO 

where the maps and 0r" denote the appropriate connecting homomorphisms 
from exact sequence p. 21) . So far we have shown that 

(4.2) -oP^g ^a^h, = af> lv h 2 . 

We identify g with a tuple (#*), € 0^ i?p(r ,i, M) and define {h l ) l G Hj>(r 0>i ,M) 
and (h 2 )i G i?p(r^ -,M) similarly. Equality (|4.2|) translates to 

(4.3) - flTilrj^ = (/n)i| r ^ = (fa^lr* ( 

Fix <? mo d i & 4>rf (ff) an d re g ar d it as an element of Homz(-Do, Af) invariant under 

r 0j i. Using diagram (|4.1[) with = ^ and T- = r p i and equality (|4.3[) we 

conclude that there exists (/i2)mod,i £ ^pp 1 ((/i2)i) such that (/i2)mod,j = — <?mod,i 

regarded as elements of Homz(fo, A/). Hence .g mo d i is invariant under both T oi 
and r p 4 . 

Lemma 4.1. For i = 1, . . . , # CIf the groups T^ i and T p . generate T—ij. 
Proof. This is an immediate consequence of Theorem 3 on page 110 in [5]. □ 

Using Lemma |4*TT1 we conclude that g mo d,i £ H° m z[r_i .i (Do, M ). Put g[ = 
0r_i t (Smod.i)- Again, by the commutativity of diagram (|4.ip with 1^ = r_i.j 
and P t = r ,i we have g^\r 0ii = gi- Hence g' := (g[)i G 4 i^>(r_ M , Af) = 
ff7(X_i, Af_i) satisfies g = a^ -1,0 !?'. 

Thus = aj' 1 / + a^a^ ,lp g = f + a\a^ 9 ' g' . By the vertical com- 
mutativity of diagram (|2.5p we have aja?' 1 ''^ 1 ' = a^ 1 a^a^ 1 ' 0v , so = a^' 1 / + 
a^a^a^ 1 ' v g' . Since a"' 1 is injective by Lemma [2. 1[ this implies that / = — oQct^ 1,09 g' . 
Hence (f,g) = (— a^a^ ' 9 g', G P{Hl{X-\, Af_i)), completing the proof 

of Proposition 
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5. Proof of Proposition 13.31 

In this section we prove that for a principal ideal I — (I) C Of such that 
I = 1 (mod Ot) we have T\f = {Nl + 1)/ on elements / G H^{X^, M_i) ^ 
0. flp(r_i M). For such an ideal I, the operators T[ preserve each direct sum- 
mand Hp(T -n, M). The restriction of T\ to Hp{T-i t i,M) is given by the usual 
action of the double coset T-i^ [* t ] r_i^ on group cohomology (see, e.g., [3]). For 
fc, I G Of we put a^.i := f 1 il; ff ! := [ ! i]' To describe the action of T\ explicitly 
we use the following lemma. 



Lemma 5.1. Let I 



(I) be a principal ideal of Of and n > 
1 



- 1 . Then 



kepi 



□ 



where R(Of/1) denotes a set of representatives of Of/I in Op- 
Proof This is easy. 

Lemma 5.2. Let n > 3 be an odd integer. Every ideal class c of F contains 
infinitely many prime ideals q such that (iVq — 1, n) = 1. 

Proof. We assume FnQ{Cn) = Q, the other case being easier. Let G — Gal(F/Q), 
N = Gal(Q(C„)/Q) and C = G&\(H / F) ^ C1 F , where H denotes the Hilbert class 
held of F. We have the following diagram of fields 



(5.1) 




Q(Cn) 



Choose (ct,t) e Gel(F n H/H) x Gal(F n H/F n ) =N xC, such that 

a e G&\{F n H/H) = (Z/nZ) x 

corresponds to an element a E (Z/nZ) x with a ^ 1 modulo any of the divisors 
of n, and r £ Gdl(F n H / F n ) = C = C\f corresponds to the ideal class c. By 
the Chebotarev density theorem there exist infinitely many primes Q of the ring 
of integers of F n H such that FrobQ = (<r, t). Then the infinite set of primes q 
of Of lying under such Q satisfy the condition of the lemma, i.e., q G c and 
(Nq-l,n) = l. □ 

1 is 



By Lemma I5T2I we may assume that the ideals pi were chosen so that Npi 
relatively prime to the exponent of M for all i = 1, . . . , # CLy. 

Proof of Proposition \3. Si Let / G Hp(T-i t i, M) and let [ = (/) be a principal ideal 
of (p) with I = 1 (mod m). We will prove that /, := TJ - (Nl + 1) = 0. By 
the definition of parabolic cohomology, we have fi(T-x,i H B) = for all B e B. 
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Moreover, as the exponent of M is relatively prime to , it is enough to prove 
that /[(fi) = 0, where f, := r_ M n SL 2 (F). Put 



SL 2 (0( P )) l 



a b 
c d 



G SL 2 (F) | a, d G O ip) , b G PiO (p) , c G pr 1 ^)} 



We first show that /[ = on the z-th principal congruence subgroup 



a b 
c d 



G SL 2 (0 (p ))i | 6,ce 0lO (p) ,a = d = 1 mod 910 



If x G O^i^p), and g G SL 2 (0( p) ), then g 



(P)> 

1 sc' 
1 



'GO 



G SLa(0( P )) nr_i,j and 



ft [9 



1 x 
1 



by the definition of parabolic cohomology. So f\ = on the 



smallest normal subgroup H of SL 2 (0( p )) containing matrices of the form 
with x G yipiO^p). By a theorem of Serre [7], 



1 x 
1 



Thus fx = on T mpt . Put 



a 6 
c d 



eSL 2 (C (p) ) | 6,ce^p 2 (p) ,a = d= 1 mod^p 2 (p) | 



r' 

1 o 



!Jtp4 



a 6 
c c? 



GSL 2 (0 (p) ), I h, c G 9flpiO (p) 



Since r«n Pi is a normal subgroup of Prrt Pi of index iVp; — 1 we have f\ (r^pj = 
by Lemma 15.21 and our choice of p^. On one hand /[ is zero on the elements of 

the form ^ , c G 9tp^ 1 0( p ), (again by the definition of parabolic cohomology) 

and on the other hand elements of this form together with r^ p . generate Tg^i, so 
ft{F<n,i) = 0, as asserted. 

Thus /[ descends to the quotient Ti/T<x,i- However, on this quotient all akj and 
ai act as the identity, since I = 1 (mod 0T) and we can always choose k G 9Tp.;. Thus 
/( = 0. □ 
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